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On Graphs With Minimum Elongation Diameter

Let A= {1, 2,...,n} be a finite set consisting of n elements
(called vertiées) and let E be the set of all possible lines
(called edges) joining pairs of distinct points belonging to the

set A. The pair (A,F), ¢<F<E is called a finite graph of order n,

and is denoted by G(A,F) or Gn,N (or simply by G whenever both n and
N are fixed) where n is the number of elements in set A and N 1s the
number of elements in subset F. We assume that a graph cannot have
multiple edges or loops (that is, edges joining a point to itself).

If a graph has no edges at all, it is called as a null graph; if it

has all possible edges, n(n-1)/2, it is called a complete graph. A

path of length L is a sequence of edges'{ei= (i-1, 1), i=1, 2,...,L},
where ;.1 and ej always have a common vertex, each ey appears once
and only once, but the vertices may appear more than once. A path

is said to be a simple path if none of its vertices are transversed

more than once. The length of the shortest simple path between i and
j is called the distance of 1 and j, and is denoted by d(i,j); the
diameter of a graph G is the maximum of d(i,j) over all pairs (1,j),
i#j, and is denoted by &(G). The length of the'longest simple path

between i and j is called the elongation of i and j, and is denoted

by e(i,j); the elongation diameter of a graph G is the maximum of

e(1,3J) over all pairs (i,j), i#j, and is denoted by e(G). Finally, a
graph G is said to be connected if for every pair of points (i,j) in

A there exists a path between i and j.
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In this paper, we solve the problem of characterizing
connected graphs with a fixed number of edges and vertices;
which have (a) minimum elongation diameter, and (b) minimum
diameter.

Elongation Diameter

Let S; be the class of all connected finite graphs with
n vertices and N edges; that is

= = ° . - l’l(l’l-—l)
?% {G Gn,N : G connected}, n > 2; n-1 <N < ——a

Let q;*C:E; be a subclass of connected graphs such that

if G¥* belongs to g;* and G belongs to , then e(G¥) < e(G).

We wish to characterize qﬁn In other words, we wish to find
a collection of graphs which are connected, have fixed number
of vertices and edges, and for which the maximum distance
between any pair of 1ts vertlices 1s as small as possible.

Let us partition the vertex set A of a graph of order n

into two subsets Al and A2 such that through each vertex in Ay

there are exactly n-1 edges (fto the other n-1 vertices in A),

while the number of edges through any vertex in A, 1i1s strictly

2

less than n-1. Clearly AISJ A2 = A, and A YA, = 9.

A graph G of order n on set A is said to be exact k-complete,

k > 1, if subset Al has k vertices, and none of the vertices

in subset A2 are joined by means of edges to each other; such

a graph is denoted by G(n,k). We call the points in subset Al

complete veftices of graph G and those in subset A, as incomplete

2
vertices of graph G(n,k). A graph G of order n on set A is said




to be plus k-complete if it is exact k-~complete and there 1is

exactly one incomplete vertex which is joined by means of
edges to d of the remaining n-k-1l incomplete vertices, and
1 < d < n-k-1; such a graph is denoted by G(n,k*). Finally,

a graph G 1s said to be k-complete if it 1is either exact

k«éomplete or plus k-complete, We note that any of the three
kinds of k-complete graphs mentioned above are necessarily
connected. |

LetC?,Ef ;ey’denote the classes of all k-complete, exact
k~complete, and plus k-complete graphs of order n. To avoid
trivial exceptions later, we take n > 3. We note that @dw@i@&
ene' -4, ana ©,8,8'cq,

We now state the main result of this paper: a k-complete

graph has minimum elongation diameter. Formally,

Theorem 1. Let G* be a k-complete graph of order n and G any
other graph of the same order and with the same number of edges.

Then e(G¥*) < e(G), where G¥* belongs to (% and G tc>§§,

The proof of this theorem requires several results, re-
garding the k-complete graphs, which are stated in the form of
lemmas 1.1 through 1.7.

Lemma 1.1. e(G(n,k)) < n-1 if, and only if, 2k < n-1.
Proof: Let P be that path in G(n,k) whose length is maximum,
that is equal to e(G). Clearly if P is the longest path in

G(n,k) then it must contain each vertex of Alﬁ



If the length of P 1s less than n-~1, theh by construc-
tidn of subsets Al and A2 the path P must contain eéch verfex
in A1 and faill to contaln at least one vertex from AZ; other-
wise the length of P equals n-1. For the same reason no two

vertices which are adjacent in P can be in A we note that

13
no two adjacent vertices can be in A2 by definition. Further-
more such a path P can neither start nor end with a vertex
in Al; for then P transverses all of the vertices in G(n,k),
and the length of the path is once again n-1. Hence k must
be less than (n-1)/2, that is 2k < n-1.

Conversely if 2k < n-1, then e{G(n,k)) must be less than

n~1l, since then the maximum number of vertices P may contain

cannot exceed 2k+1 so that the length of P cannot exceed 2k.

As a consequence of the above lemma, we remark that given
a pair of vertices i and j belonging to a graph G(n,k), for
which e(G(n,k)) < n-1, the longest path between i and j is
such that no two adjacent vertices in the path belong to the
same subset Ay (s = 1,2) of the set A.

The -following lemma 1s an obvious corollary of the pre~k
ceding lemma, But is stated separately here due to its repeated
use in léter results.

Lemma 1.2. Given G(n,k), 2k > n-1 implies e{G(n,k))= n-1, and
2k < n-1 implies e(G(n,k)) = 2k.

Proofs of lemmas 1.3, 1.4 and 1.5 are rather obvious and

as such are omitteds



Lemma 1.3. If a graph Gn N Pelonging toq; cohtains an exact
3

k-complete graph G(n,k) with N-1 edges then e(Gn,N) < 2k + 1.

Lemma 1.4, If a graph Gy N belonging tc>€; contains an exact
3

k-complete graph G(n,k) with N-2 edges then e(G, ) 2 2k + 2.
. 3

Lemma 1.5. Let the graph G(n,kt) have N edges. Then
k(k+1)
2

2k+2, if kn - Eigil) +1 <N < (ktl)n -(KEDEF2)
2

2k+1l, if N = kn - + 1

e{G(n,k"’)) < {

Lemma 1.6. Let Gn N be a graph belonging toS; such that

> .
N = kn - Ei%il), and let G(n,k) be an exact k-complete graph
with the same number, N, of edges. Then

e{G(n,k)) < e(Gn,N)'

Proof: First we note that for a connected graph G, e(G) cannot
be equal to one; therefore, the elongation diameter e(G) > 2.
Next we easily see that for G(n,1), e(G) = 2. Mathematical in-

duction on k > 2 completes the proof.

Lemma 1.7. Let Gn be a graph belonging to q; such that

SN

kn - Ei%il) < N < (k+1)n - (k+l);k+2), and let G(n,k+) be a plus

k-complete graph with N edges. Then e(G(n,k+)] < e(Gn N)*

b

Proof: Lemmas 1.5 and 1.6.

Theorem 1 is now clearly seen as a combined restatement
of lemmas 1.6 and 1.7.

We also make the following trivial observation:



Theorem 1'. Let Gn be a graph in q; such that

,N
§L(3n2 - 2n)/8, if n is even
N >
(3n2 - 4n + 1)/8, if n is odd.

Then e(G = n-1.
n

Y

Minimum Diameter

The following result on minimum diameter of a connected
graph is obtained as a consequence of our preceding work on

elongation diameters.

Theorem 2. Let Gn,N be a graph in g;. Then (i) G(Gn,N)

if, and only if, N = EL%ZL) (that is G\ is complete);

o N

(i1) If N # n(g—-——i)— , and G¥ _ is a graph such that it has a

n,N

subgraph Gn,n-l which is exact l-complete, that is Gn,n~1= G(n,1)

1 - %
with n-1 edges, then 6(Gn,N> < 6(Gn’N),

Reference
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Appendix

Figure 1. Example of an exact k~complete graph;
n=7, k=2, N=11.

Figure 2. Example of a plus k-complete graph;
n=7, k=2, N=14,

Figure 3. Example of a connected graph Gn N with
a subgraph G, y ; which is exact k-com-

3

plete; n=7, k=2, N=12.

Figure 4. Example of a connected graph Gp,N with
a subgraph Gn N-2 which is exact k~com-
3
plete; n=7, k=2, N=13.




An Addendum to Technical Report No. 15%

In the technical report No. 15 entitled "On Graphs with
Minimum Elongation Diameter", we find that the concept of k-com-
plete graphs" introduced by us Becomes a little clearer if we
illustrate the definitions by means of examples giveh in
figures 1 and 2 of next page (page no. 7); figures 3’and l

help in understanding more clearly lemmas 1.3 and 1.4,

T. N. Bhargava and L., J. O'Korn

# Supported by NASA Research Grant No. NsG-568 at Kent State
University.
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